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CONTACT PROBLEM OF ELASTICITY THEORY FOR A WEDGE'

L.A, KIPNIS and G.P. CHEREPANCV

An exact closed solution of the plane static contact problem of elasticity theoryon
the impression of a rigid stamp of arbitrary form on an elastic wedge is constructed
by the Wiener—Hopf method. Particular cases of plane and parabolic stamps are ex-

amined in more detail.

For a wedge angle greater than =n the problem belongs to the

class ¥ and the external field must be taken into account for a correct solution.
In this case, the nontrivial solution of the corresponding homogeneous problem is
constructed and investigated.

1. Formulation of the problem. Let us consider an infinite elastic wedge 0 < r < oo,
0<8<a(@<<a < 2n) at whose edge 0==0 a rigid stamp is impressed (Fig.l). There is no
friction between the stamp and the wedge surfaces. It is assumed that the section 6 =0, 0 <<
r <l of the elastic body boundary is in contact with the stamp. The wedge surface is stress-
free outside the line of contact.

In the case when the wedge opening angle @ is greater
than =n, the problem under consideration belongs to the class
N, Let us recall /1,2/ that the Saint-Venant principle is
not satisfied in the class ¥ and a nontrivial damped solution
of homogeneous problems exists which is much greater than the
inhomogeneous solution {(external field) in absolute value, at

great distances. The Saint-Venant principle is valid in the

well-investigated class §, and nontrivial damped solutions of
the homogeneous problems does not exist. Hence, for w>i the
solution of the problem under consideration behaves at infin-
ity as the greatest solution of the homogeneous problem satis-
fying the stress damping condition asymptotically for a wedge
0<r<Coo, 0<C8 <o with stress~free edges. This latter is
determined to the accuracy of two arbitrary real constants C;
and ¢€y;. These constants are considered givenby the condition
of the problem, They characterize the external field intens-

ity which exerts substantial influence on the state of stress in an elastic body with an in-
finitely remote point in this case. In the case under consideration the stresses damp out at

infinity more slowly than 0 (/1.

If o<1 then the problem belongs to the class S, the external field exerts no substan-
tial influence on the state of stress in the wedge, and the stresses damp out at infinity as

o ¢/n.
The boundary conditions of the problem under consideration can be written as follows:
f0=c, Og=1,p =0; 0=0, T =10 (1.1)
=0, r>1 0g=0; 0=0, r<l, ue=f({r) (1.2)
8=0, r—oo, dug/dr=0(1r) O <am (1.3)
dug 2 (4 -3 A —1
5 =— " C1(2arytisin W= Yea 5 b -%0(—5—) (<o <o)
Gug 2{1 — 2 : —
T:——_{'E““)CI (2mryh-tsin h=te 5 Do 1;},’.\7 Crr 2arpt x
(2 —4v)cos (hy— 1) /2 + (Ay 4 1) sin 1
sin (A + 1) /2 : +0(r—) (a,,,<a<2n)
6=U, r—1—0, ggm —ot
) Tp Yy (1.4)
H
$ootrnOar=Y, Sootr, O)rdr—u (1.5)
1] 4]
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Here Op, 7,9, 0, are the stresses, Up 4, are displacements, A; (@) & (Y1, 1) ( =1,2) isthe
single root of the equation sin p& — (—1) psin @ = 0 in the strip 0 << Re p <€ 1of the complex plane P;
C:(@) (n <a<2n) and Cp (@) (@e << @ << 2n)are given continuous functiens o for which Cr(m) =
0, Cuf{es) =0; @4 is the single root of the equation *c0sa — sine =0 in the interval =n<<
a < 2n;f () is a given function, K is a factor to be determined, (0,Y) and M are the principal
vector and principal moment of the force in the section 8 = 0,0 <<r <1l (the quantity Yis given,
but M should be determined during solution of the problem), E is Young's modulus, and v is the
Poisson's ratio.

If the length ! of the contact line is not known, it is determined from the condition that
the coefficient X is zero (here the stresses will be constrained at the point § =0, r = l). With-
out limiting the generality, the length of the contact line can be considered one.

The prablem formulated is a particular case of a contact problem for a wedge with contact
section § =0, d<<r<<d+ 1! for d=0. The solution of this problem is contructed in /3/ in
the absence of an external field. Let us note that the first fundamental problem of elastic-
ity theory for a wedge with opening angle greater than 7 was first considered in /4/.

We present certain information about the roots of the equation sin 2pa - psin2a=0 (0 <
@ <'2n) in the strip 0 <  Rep < 1.

For 0 << a < /2 this equation has no roots in the strip mentioned. For n2<<a<{m a
single root py & (Va, 1) exists, for n<< o < 3n/2 two roots p, & (0, Ys) and py & (/2 1) while for
30/2 < @ < 2n three roots, u, & (U, Ya), Wy & (Y3, 1) and py € (M, 1), where p, < pj

2. Solution of the inhomogeneous problem without taking account of the ex-
ternal field. Let there be no external field (€; = 0, Cu = 0).
Applying the Mellin integral transformation

Y

m* (p)=\ m(r)r’dr

v

to the equilibrium equations, the strain compatibility condition, and the "through" conditions
(1.1), we obtain /5/:

op* (p,0) = A,sin(p +1)0 4 A,sin(p — 1) 0 + (2.1)
Agcos(p +1)68 4 A cos(p — 1) 0

Tre*=(p—1)"%, pof*=(P—1)'1‘F;T9:—Ue*

Aysin(p+1)a+ Agsin(p — 1) a + Ageos(p + 1) @ + (2.2)
Ajcos(p—1)a =20

Ai(p+cos(p+1)a +A43(p —1)cos(p —1)a —
Asp+)sin(p+1)a—A,(p—Dsin(p—1)a=0

A4 0+)+4,0@—-1)=0

From (2.2) we find

R - nk _ 2 (psin?a + sin? pa)
Aﬁ— P-—1 Ala Aa——WAl (2.3)
Ag=— 2(p + 1) (p sin®a — sin? pa) A,

(p — 1) (sin 2pa + p sin 2a)

In conformity with (2.1) and (2.3)

_ 4 (p?sin®a — sin? pa)
oe* (P, 0)=— (p — 1) (sin 2pa + p sin 2a) 4 (2.4)

Using Hooke's law, taking account of (2.1) and (2.3), we obtain

o«

. 6ue
ar
0

Eliminating A4, in the relationships (2.4) and (2.5), and taking into account the "dual"
conditions (1.2), we arrive at a Wiener— Hopf functional equation:

AU .
== (=174 (2.5)
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@ (p) = —tg paG (p) [D* (p) + £ ()] (—p < Re p < 0) (2.8)

G(p)~— 2 (pEsin*a — sin? pa)
T — g pn(sinipa + p s 2a)

1 o
~ ) a

() = \oo(r O)rdr, O (p)= 2 V)S a”r"’v r’dr
& 8=0

1, 0la{n2
n, /2 << 2n

g(p)= —%ﬁf'(r)r"dr, u:{

(f (1) is the derivative of the function f (r)with respect to r). The method of isolating tg pn

in the coefficient of the Wiener—Hopf equation permits solving the problem of factorizing the

function with an essential singularity at infinity. It was used first in /6/, and then in

many papers related to the utilization of the Mellin transform and the Wiener-—Hopf method.
The following factorizations are valid for the functions @ (p) and tgpn /7/:

G (p) = G* (p)/G" (p) (Rep =0) (2.7)
P 1§ mag G*(p). Rep<0
o5 § 5 ={ ) mepso

- +,v__  TUFPp)
P =T Fn

_ D
= )

(T (z) is the Euler gamma-function).
Taking account of (2.7) and using the representation

G* (p) g (p) [K* ()17 = ¢* (p) — &~ () (Rep =0) (2.8)

_1_1§ e+mew & _[g(p) Rep<LO
20 J KO t—p | g7(p), Rep>0
we obtain from (2.6)

@ (p) K~ (p) G~ (p) — pg () = —p®* (p) G* (p) [K* (p)* — P& (p) (Rep =0) (2.9

The function in the left side of (2.9) is analytic in the half-plane Rep > 0 and the func-
tion in its right side is analytic in the half-plane Re p << 0. On the basis of the principle
of analytic continuation they equal the same function that is analytic in the whole plane Pp-.
It follows from (1.4), (2.7) and (2.8) that the function in the left side of (2.9) tends to

th tant ico
€ cons K 58 1 S G*(p)g (p) dp
T ’ 2 K*(p)

in the half-plane Rep >0 as p—»> o
Therefore, by the Liouville theorem a single analytic function is identically equal to
this constant in the whole plane p. In particular

(D‘(O)K‘(O)G”(O)_——_—(S
V7
Taking into account (l.5), we obtain from the last equation

20+ sin2a /2
1

= (8§ + cY) V2 Cw"m— (2.10)

The solution of the functional equation (2.6) has the form
_ P+ poo~ o0
P =rmee P9

Y
o (p) = — BT K (p) (Rep<0)

3. The homogeneous problem. Let us assume that a wedge with opening angle greater
than 7 is deformed only because of the external field; the normal displacement and the prin-
cipal force vector are zero on the section 0 =0, 0 < r<{1.

The solution of this homogeneous problem equals the sum of the solutions of the follow-
ing two problems. The first is a particular case of the boundary value problem considered in
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Sect.2, for ¥ =0 and

)= 20 - —he 4o pem1 (2= W) 005 (e — ) &2+ (s - ) sin

)= Cy(2mrp sipthz D2 + Cr1 (2nr) YT (3.1)
(for n<{ @ <@, there is no component corresponding to Cr}. The second problem is the homo-
geneous problem for a wedge with stress-free edges (the solution of this last is kept in mind,
which is realized as the asymptotic of the solution of the initijal problem at infinity (see
(1.3)) ).

4, Analysis of the solutions. The complete solution of the initial problem is the
sum of the particular solution of the inhomogeneous problem constructed in Sect.2 and the homo-
genecus solution of Sect.3.

Let us determine the length ! of the contact line in the initial problem for a smooth
stamp of arbitrary shape from the condition K = 0. According to (2.10) and (3.1), by going
over to dimensional variables we arrive at the following equation

1 1 Gr{—2 N Gt {— A .
8yl 4 Y I e 2 E___ x:; ZyColhms — K__+_§_ ng ZoCrplhes =0

{for n <o < d, there is no component corresponding to Cj; while for 0 <o <{ = none correspond-
ing to Crand Ci).
Here

i o+
bh=—— S -——;ﬂ’l’f;—)(”dp' ap)= 5o 2(1_\, Si (pl) o7 dp

—100
Zy == (2nYlsin

- 1 {(2—4dv)eos (ha— D2+ (b + 1) sine
Zy=(2r)t T —~) s o2

(M — 1o
2

We present the asymptotic formula for the contact stress oy (8 == 0,0 <r<<l)in the neigh-
borhood of the angular point (for r-»0):

kid K+ {—py) CYI“l—}lkg +
=) My {éﬁ () + = { k
Ier‘ G {—py) P

2 GH—M) e Z, G (—)y) r o\
T u;.-K‘f—(—TiSCI” B e m"z‘c”lm]} (T) TR

Ro— by K¥ (= 1)

(for m <& < % there isno component corresponding to €y, while for 0<<a < & none correspond-
ing to Crand Cp ).

Here
2 {w 2 sin*a — sinfp)
he =g ces 29,0 F siD 26
e, 1, 0<agn
8k+=; S ¢ (Ii)é’l(P) P a2, n <o 3n/2
i) K¥(p)  p+wy
S 3, 32 <La<2n

P { of{mrly, 0 <la<(mj2
Tlon,  a2<a<lx

(v >0,y =0only for a = 3n/2).

Let ug determine the domain of existence of the contact problem solution constructed by
considering, as is usual, a negative pressure to be impossible at the contact line, For f r <<
0 when the angular point of the bedy lies on the contact line starting with the very first
moment of contact between the stamp and the body, the contact pressure will everywhere be posi-
tive, If the function f {r) changes sign once from plus to minus, the solution will exist only

starting with certain values of the parameters of the problem governed by the following condi-
tions:

K (e piy) [ eYITU— gyt 7, Gt(— Za CH(—A )
g1(—p) + G"‘("“l,t)l.c }hplgl + 7\-1"1'1‘411{*2 ?» Crlh=t + 3\-3—-H1K*£ Angnlhrl];-_i) (.1

{(for %t <& < Ggthere is no component corresponding to (g, and for 0 << & < n none corresponding
to Cyand ().
This equation determines the time when the contact pressure changes sign at the angular
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point; it corresponds to the principal term vanishing in the expansion of the stress at the
angular point. Condition (4.l1) is an extension of the known condition of N.I. Muskhelishvili
that requires boundedness of the stress at the end of the contact line (this latter was used
above in defining I).

By using (1.5) we obtain the following expression for the moment jJ:

Ve V™ T oy 5 C*(—M)nzmnx_ Z, +(._x) Mﬂ‘!
= (FU T T K= ! TFm Ryl

n<<o < & the component corresponding to Ci, and for 0 < a < % the components cor-

or
sponding te Crand Ci1 are missing)
sponding and (11 are missing).

Let us note certain particular cases of the problem under consideration in the case of
no external field.

5. Stamp with rectilinear horizontal base. 1In this case /' (r) =0, andthe length
! of the contact line is known.

In this case the contact problem is analogous to the corresponding problem for a wedge
—a <0 <a withaslitfor 06 =0, r> 1l Hence, for 0<<a < 1 the results obtained here agree
with the solution of the problem mentioned obtainedin /8/. For = << & <C 2% they yield the solu-
tion of the problem for the corresponding two-layer elastic plate with a slit for 0 = 0, r>1
if friction between the overlying plates is neglected in the domain 23 — a << 0 << @. 1In these
problems the evaluation of the factor

fo

(

K= ( 201 - 8in 2o ‘)‘-izYl_,/:

o — sinfa

r fracture mechanics.

ma 1 fo
Let us present the formula for the contact stress under the stamp (8 =0, 0<<r<<C iy:

ico
vy —n-1
-1

it (S K (7 Py
0o == —p 5 e\ P
100
Q in? pa — p*sin*a
S

(py ST pa—p SN Q@
/™ 5in 2pa + p sin 20

6. Stamp with rectilinear sloping base. Let f (r) =a(eis a dimensionless contact).
In this case the equation to determine the length of the contact line has the form

Y1 — BB Gt () (al)h =0

T 2)

We hence find

The contact stress under the stamp is expressed by the formula
ico

- E_ vt K -
g = — S S() [ Y1 — g R whGt (= ) (p + 17 ] —G—;((%(;—)’ dp

—ic

7. Parabolic stamp. Let f (r) =br/l(b is a dimensionless constant). The equation to

We hence obtain

The formula for the contact stress has the form
ico
1 _ 3bE o _ K+ -p~-1
o= § SO [ Y1 — iy WG (= 2) (p + 2] x () ap

~ic0
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